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The obser®ed cyclic operation of a riser near choking was calculated using a compu-
tational fluid-dynamic model used pre®iously to predict its flow regimes. An approxi-
mate analytical expression for the maximum carrying capacity of Geldart A, B and C
particles was de®eloped and compared to data in the literature. In the new theory, an
unknown parameter is the pseudosonic ®elocity of the particles. To estimate this quan-
tity, new granular temperatures were measured and compared to data from the literature

(for Geldart A, B and C particles. In the riser flow regime 2% to 20% solid ®olume
)fraction , the turbulent intensity of the particles is approximately 0.5, in agreement with

the theory. The theoretical ®alue in®ol®es the ratio of particle ®iscosity to the granular
conducti®ity.

Introduction
The flow of particles in a vertical pipe is a common unit

operation in the chemical and petroleum industries. For ex-
Ž .ample, in fluid catalytic cracking FCC , oil droplets and

steam are introduced into the riser carrying the FCC catalyst,
to produce low molecular-weight compounds, such as gaso-

Ž .line Avidan, 1997, 2001; Squires et al., 1985 . The theory of
riser operation is not yet complete. In response to this chal-
lenge, a Multiphase Fluid Dynamics Research Consortium
Ž . Ž .MFDRC was formed Thompson, 2000 . It consists of six
national laboratories, six universities, and American chemical
companies, led by Dow Chemical.

The maximum carrying capacity of a riser is the maximum
steady-state flux of a solid for a given gas velocity. In the
transport of solids in a vertical pipe, the pressure drop as a
function of inlet superficial gas velocity has the shape shown
in Figure 1a. This figure is similar to Figure 10.4 of Zenz and

Ž .Othmer 1960 . The choking velocity is the asymptote of the
pressure-drop curve. As the gas velocity approaches this
choking velocity, the pressure drop undergoes wild oscilla-
tions. Figure 1b shows the behavior of the pressure-drop os-
cillations as choking is approached by decreasing the gas ve-
locity. Figure 1c shows the solid mass flux at choking vs. su-
perficial gas velocity.

In the absence of a reliable theory, such fluxes are deter-
mined experimentally using costly experimental setups. For
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example, recently such saturated carrying capacities were de-
termined at NETL in Morgantown for the transport of cork

Žthat simulates the transport of coal particles Shadle et al.,
.2002 .

The most thorough review of the theory of choking and
Ž .empirical choking correlations can be found in Leung 1980 .

Ž .More recently, Bi et al. 1993 recognized three types of
choking mechanisms. In this article, we limit ourselves to their

Ž .type C only. Yousfi and Gau 1974 obtained a choking corre-
lation partially based on a hydrodynamic instability analysis
of a wave equation for the voidage. Yousfi and Gau’s correla-

Ž .tion involves the diameter of particles. Yang 1975, 1983 in-
troduced the diameter of the pipe into his semiempirical cor-
relations through the use of the slugging velocity in a pipe.

Ž .Takeuchi et al. 1986 obtained a quantitative flux regime map
Ž .for FCC particles. Satija et al. 1985 emphasized the in-

crease in pressure-drop amplitude as choking is approached.
Ž .Knowlton and Bachovchin 1976 included the effect of gas

density into their empirical correlation.
In this article we present a computational fluid dynamics

Ž .CFD computation of riser behavior near choking. We also
present approximate analytical expressions for choking veloc-
ity and flux based on the concept of resonance. It is well
known in vibration analysis that resonance occurs when the
imposed frequency is set to the natural frequency of the ob-
ject. At resonance the amplitude of the vibration becomes
unbounded. This corresponds to the pressure drop increase
as shown in Figure 1a.
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( ) ( )Figure 1. a Determination of choking velocity; b
pressure drop oscillations as choking is ap-
proached at a constant solids flux in the IIT

( ) ( )riser Tartan and Gidaspow, 2002 ; c maxi-
mum carrying capacity of particles.

CFD Simulation for the Unsteady Regime
ŽA numerical model shown previously Sun and Gidaspow,

.1999 to correctly describe flow regimes in a riser in the CFB
regime is used here to model the riser unsteady behavior near
choking. Hence here we demonstrate the capability of the
computer model to predict the behavior of the two flow

regimes, as qualitatively depicted in Figure 1. The locus of
the choking velocity lies between the unsteady operation de-

Žscribed here and the previous modeling of CFB Sun and Gi-
.daspow, 1999 . Table 1 summarizes the mass and momentum

balances and the constitutive equations used in this simula-
tion. This set of equations corresponds to model B in Gida-

Ž .spow’s 1994 book. Figure 2 shows the diagram of the riser,
and Table 2 summarizes the simulation conditions. The di-
mensions of the riser used are those of the PSRI riser given
for the Challenge II problem for Fluidization X. The riser
was simulated in two dimensions.

Figures 3 and 4 show the average outlet flux and the aver-
age bed density as a function of time, respectively. Figure 5
shows the bed density and the volume fractions as a function
of time. The particles gradually fill the pipe and then are
blown out quickly. The process repeats itself. Lewis et al. ex-
perimentally observed such behavior as early as 1949. They
stated: ‘‘Instead of obtaining a steady-state condition, the
solid concentration in the fluidizing unit continually in-
creased until the bed was of very high density. There would
be a sudden surge which would blow most of this solid out of
the unit and the cycle would be repeated.’’ The volume frac-
tion distribution shows that there is a sluglike behavior, as

Ž .earlier postulated by Yang 1975, 1983 . At the maximum bed
density the pressure drop is also a maximum, so at this point
the pressure at the bottom is the highest. Therefore, this
high-pressure buildup causes the sudden emptying of the pipe.
A video of the simulation is available on the Web site,
www.chee.iit.edurfacultyrgidaspow.htm.

At higher gas velocities as shown for the Challenge II
Žproblem, submitted for Fluidization X Gidaspow and

.Mostofi, 2001 , the behavior of the system is in the usual cir-
culating fluidized-bed regime. The amplitudes of oscillations
are relatively small compared to the time-average values.

Ž .Similar simulations were performed by Benyahia et al. 1998 ,
Ž . Ž .Benyahia and Arastoopour 2001 , Guenther et al. 2001 ,

Ž . Ž .Mathiesen et al. 1999 , and Kuippers et al. 1998 .

Analytical Expression for Frequencies
In this section we derive an equation for the forced and

natural frequencies oscillations in the vertical pipe. We begin
Žwith the momentum balance for the solids equation fourth

.equation in Table 1. To obtain an analytical solution for the
frequency, a number of approximations are necessary. First,
we neglect the velocity square terms. This simplification will
immediately lead to the neglect of ® compared to C in thes s
wave-propagation analysis. We further restrict the analysis to
flow of particles above minimum fluidization. This leads to
the neglect of solids stress caused by particle contact, except
those caused by collisions. With these simplifications the
solids momentum balance for phase s becomes as follows.

Ž .Symbols are those in Gidaspow 1994

� � � ® � PŽ .s s s ssy y� g � y � y� ® y® . 1Ž . Ž . Ž .s s g s g� t � x

Acceleration of Solids Buoyancy Drag
Momentum Pressure due
of Phase s to Collisions

Note that for a steady state with a negligible solids pressure,
Eq. 1 is the conventional balance of buoyancy and drag. Here,
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Table 1. Hydrodynamic Model

�
Ž . Ž .Gas-phase continuity � � q�� � � © s0g g g g g� t

�
Ž . Ž .Solid-phase continuity � � q�� � � © s0s s s s s� t

�
Ž . Ž . Ž .Gas-phase momentum � � © q�� � � © © sy�P q�T q � gq� © y©g g g g g g g g g g s g� t

�
Ž . Ž . Ž . Ž .Solid-phase momentum � � © q�� � � © © s�T q� � y � gy� © y©s s s s s s s s s s g s g� t

˜Ideal gas law P s � RTg g g
1 1TŽ . Ž .Gas-phase stress tensor T s2� � �© q �© y �� © Ig g g g g g½ 52 3

1 1TŽ . w Ž . x Ž .Solid-phase stress tensor T s yP q� �� © Iq2� �© q �© y �� © Is s s s s s s s½ 52 3
y8 .686� q8.577gŽ . Ž .Solids pressure �P sG � �� where G � s10s g g g

Solids viscosity � s0 � s5.0� �k s s
� �� � © y©3 s g g s y2.65Drag coefficient � G0.8 �s C �g d g4 ds

24
0.687Ž .C s 1q0.15Re Re �1,000d s sRes

C s0.44 Re G1,000d s
� �� � d © y©g g s g s

Re ss �g
2 � �� � � � © y©s g g s g s

Drag coefficient � �0.8 �s150 q1.75g 2 2 d �� d s gg p

however, we emphasize the time variation. Hence, we need
the transient conservation of the particles equation, which is
as follows in one dimension:

� � � � � � ®Ž . Ž .s s s s sq s0. 2Ž .
� t � x

A wave equation for the bulk density � s � � or for theB s s
flux, Fs � � ® can be obtained by following the procedures s s
in chapter 7 in Gidaspow’s book

2 2 � ®� � � � �� � ®gB B B s2sC q g y� y . 3Ž .s2 2 ž /� x � x � x� t � x

Wave Source Drag
Propagation Ž .Zero for Developed Flow

Equation 3 shows that the density wave propagates with the
Ž .pseudosonic velocity C Savage, 1988 , that gravity acts as as

source for wave formation, and that drag dampens the waves,
when the relative velocity is positive. Generalization of Eq. 3
to two and three dimensions shows that there will be addi-

Ž .tional source terms due to gradients of ® y® in the multi-g s
ple dimensions. These terms may give additional peaks in the
spectral analysis of bulk density. For developed flow the axial
variation of the relative velocity becomes zero in Eq. 3. Fur-
ther, if we neglect the solids pressure effect, the sonic veloc-
ity, Eq. 3 simplifies to a diffusion equation

� 2� ��B Bs g . 4Ž .2 � x� t

The variation of bulk density with height, x, is obtained from
an additional momentum balance. For developed one-dimen-

Ž .sional 1-D flow the pressure drop is balanced approxi-
mately by the weight of the bed, which is expressed by

� P
s g � . 5Ž .B� x

The pressure drop itself is given by the Ergun equation, which
for small relative velocities is as follows

150� 2dP �g sy s U . 6Ž .o2 3dx �� dŽ .p

We now relate the pressure drop to relative bed expansion
Ž .using the method of Thompson 1978 , who obtained a for-

mula for frequency similar to that derived here. Thompson
did not use conventional fluidization equations, but con-
structed a flow model of his own.

The 1-D conservation of particles balance moving with a
constant mass is as follows

d Ž .x t
� � dxs0. 7aŽ .H s sdt o

ŽDifferentiation of Eq. 7a using the Leibniz rule Gidaspow,
.1994, appendix C gives Eq. 2. Integration of Eq. 7a moving

with a constant mass for constant particle density produces
the integral shown in Eq. 7b below

Ž .x t
� dxs� x . 7bŽ .H s so o

0
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Figure 2. Riser and boundary conditions.

An application of the mean-value theorem to Eq. 7b shows
that

� x t s� x , 7cŽ . Ž .s,mean so o

where � is the average volume fraction of particles ins, mean
the bed, and � and x are some initial bed volume fractionso o
and height of bed filled with particles. For simplicity of writ-

Ž .ing, we call � simply � and x t , x. Using calculus, Eq.s, mean s
7c gives the differential expression as

dx d�ssy . 8Ž .
x �s

We now estimate the relative differential change of pressure
using Eq. 6, as the volume fraction, � , changes during thes
passage of a wave for a constant superficial velocity, U . Byo
calculus only

dP
d ž / d�dx sw xs 3� r�q2 . 9Ž .sdP �s

dx

Table 2. Simulation Conditions

Riser diameter 20 cm
Riser height 14.2 m
Particle size 67 �m

3Particle density 1,200 kgrm
2Solids mass flux 50 kgrm � s

Gas superficial velocity 3.7 mrs
Ž . Ž .Grid no. 37 radial � 162 axial

Time step 5.0 ey06

Using the differential particle balance, Eq. 8, the differential
change of pressure drop can then be expressed as follows

dP dP
d �sž / ž /dx dxw xsy 3� r�q2 . 10Ž .sdx � xso o

The preceding expression allows an estimate of the density
gradient to be made.

Differentiation of Eq. 5 and substitution into Eq. 4 gives

� 2� � 2PB s , 11Ž .2 2� t � x

but

dP
	2 ž /� P dxf . 12Ž .2 	 x� x

Using Eqs. 5 and 10, Eq. 11 becomes an ordinary differential
equation

2d � 3� r�q2 � gŽ .B s sq � s0. 13Ž .B2 � xdt so o

Equation 13 is the equation for the vibration of a spring of a
unit mass, with the brackets representing a spring constant.
Treating the bracket as a constant, the solution is

� s A cos 
 tqB sin 
 t , 14Ž .B

where

1r21r2g 3� r�q2 �Ž .s s

s . 15Ž .ž /x �o so

Figure 3. Output flux at different times.

April 2003 Vol. 49, No. 4 AIChE Journal834



Figure 4. Large changes in instantaneous average bed
density.

The forced frequency of oscillations, f , is



fs . 16Ž .

2�

We see that the basic frequency is that caused by gravity,
Ž .1r2grx , and that the frequency becomes very small as theo
volume fraction of particles becomes small. We showed
Ž .Gidaspow et al., 2001 that Eq. 15 compares very well with

Ž .frequency data obtained by Baeyens and Geldart 1974 and
others.

Ž .Verloop and Heertjes 1974 were the first to derive a fre-
Ž .1r2quency relation that has the basic term grx by treating ao

fluidized bed as a vibrating column. However, their relation
does not have the correct compressibility term achieved by

Ž .using some key steps contained in Thompson’s 1978 analy-
sis. In Eq. 13 the ‘‘elasticity’’ per unit mass is proportional to
the volume fraction of the solid. A denser bed has a greater
elasticity.

With the approximations made, Eq. 3 can be rewritten as

2� � 3� r�q2 � g �Ž .B s s s2 2sC � � q . 17Ž .s B2 � x� t so o

Source

The classic theory of wave propagation can be applied to this
problem in the direction of flow. Equation 3 shows that at
the boundaries, xs0 and xs x , the gradient of bulk den-o
sity is zero. Then separation of the variables of the homoge-

Figure 5. Riser behavior below choking velocity; solids volume fractions with the filling and emptying of the riser.
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Table 3. Symbols in Figures 6 and 7

Particle Size
Ž .Symbol mm Reference Notes

Ž .A1 0.075 Miller and Gidaspow 1992 From viscosity data
Ž .A2 0.075 Huilin and Gidaspow 1996 From CCD camera

Ž .B1 0.283 Chen et al. 1994 Pressure transducer data and ideal equation of state
Ž .Polashenski and Chen 1999

B2 0.500 Krishna, Jung and Gidaspow From CCD camera
Ž .Jung 2002

Ž .B3 0.450 Gidaspow et al. 1999 From CCD camera
Ž .B4 0.500 Campbell and Wang 1991 Pressure transducer data and ideal equation of state
Ž .B5 2.800 Campbell and Wang 1991
Ž .B6 0.750 Campbell and Wang 1991

Ž .C1 0.040 Cody 1996 Extrapolation data
C2 0.040 Krishna, MS Project From CCD camera

Ž .Sharma 2002
C3 0.045 Jung and Gidaspow From CCD camera

Ž .Jung 2002
Ž .C4 0.110; 0.500 Cody 1996

Ž .G1 � Gidaspow 1994

neous portion of the wave equation is as follows. Let

� sT t X x . 18Ž . Ž . Ž .B

The ordinary differential equations become as follows, where
prime denotes the derivative

T� X�

�2 2 2sC sy
 T q
 Ts0 andsT X


 2
�X q Xs0, 19Ž .2Cs

with the boundary conditions

X � 0 s X � x s0, 20Ž . Ž . Ž .o

which give


n
Xs A cos x 21Ž .ž /Cs

and the eigenvalues


 xn o s� n , ns1, 2, 3, . . . . 22Ž .
Cs

Hence, with the zero gradient boundary conditions, the fun-
damental frequency is

� Cs

 s 23Ž .1 x .o

In Eq. 23 C was relative to the velocity, ® . Hence the natu-s s
ral frequency for the case when ® is large compared with Cs s
can be expressed as

� ® �CŽ .s s

 s . 24Ž .1 xo

A rigorous analysis of the 1-D equations for two-phase flow
using the theory of characteristics shows that the characteris-
tic directions are

® �C , 25Ž .s s

Ž .where the pseudosonic velocity Savage, 1988 is

1r21 � ps
C s . 26Ž .s ( ž /� ��s s

Approximate Choking Formulas
ŽThe Navier
Stokes equations for compressible fluids Ta-

.ble 1 can be decomposed into a wave equation for a poten-
tial with damping due to the fluid viscosity and into a stream

Ž .function equation Tolstoy, 1973; Morse and Feshbach, 1953 .
For zero viscosity that is for a high Reynolds number, the
result is an undamped wave equation for a potential, which
by substitution

� x , y , z eyi
 t 27Ž . Ž .

can be transformed into the classic Helmholtz equation for
the eigenfunction �n

�2� qk2� s0, 28Ž .n n n

where

k s
 rC . 29Ž .n n s

The corresponding equation for a unit-source solution, the
Green’s function, G , isk

�2G qk2 sy4�� ry r . 30Ž . Ž .k source source

ŽA standard Green’s function construction Morse and Fesh-
.bach, 1953 gives

� � r � rŽ . Ž .n n source
G r ; r s4� . 31Ž . Ž .Ýk source 2 2k ykn sourcens1
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In Eq. 31 when

k sk , 32Ž .n source

we have a singularity. These are the infinities when a nondis-
sipative vibrating system is driven at one of its resonant fre-
quencies. For fluidization, the pressure drop goes to infinity.

Thus, resonance is obtained when a vibrating system is
Ždriven at one of its natural frequencies Morse and Fesh-

.bach, 1953 . Hence, we equate Eq. 15 to Eq. 24 to obtain the
Ž .resonant condition using L instead of x for simplicityo

1r21r2® �C � g 3� r�q2 �Ž . Ž .s s s ss . 33Ž .ž /L L �so

Equation 33 relates the solids velocity at choking to the vol-
ume fraction at choking. These quantities are normally not
measured, although it is possible to measure ® using lasers
Doppler or CCD camera techniques. The volume fraction can
be measured using gamma-ray or capacitance methods. To
obtain the choking conditions we need to relate ® to thes
superficial gas velocity. We used the concept of slip as done

Ž . Ž .earlier by Yang 1975, 1983 and others Leung, 1980 .
We let

® s® y® , 34Ž .s g t

where ® is the terminal velocity. This relation is valid in di-t
lute flow and is known to be inaccurate in the CFB regime,
because of the core-annular structure of flow. We use it to
obtain a simplified expression for choking, keeping its poten-
tial inaccuracy in mind. Then the choking velocity becomes

1r21 3� r�q2 �Ž .s s'® s® �C q gL . 35Ž .g t s � �so

For zero gravity and zero terminal velocity, Eq. 35 reduces
itself to analogous choking condition for gas flow in the pipe

® s�Sonic velocity. 36Ž .g

Equation 35 shows that for large terminal velocities, the
choking velocity is higher for the same volume fraction and
pseudosonic velocity than it is for smaller particles. The
choking velocity in Eq. 35 depends upon the riser height, L.
Its contribution is normally of the same order of magnitude
as C , of the order of 1 mrs. There is no dependence on pipes
diameter due to the one-dimensional approximation made in
the analysis.

To relate the volume fraction to the prescribed flux, W , wes
Ž . Ž .used equation 3.10 in Gidaspow’s book 1994

Wr�s s
� s . 37Ž .s ® y®g t

Further, in Eq. 35 normally 3� r� �2. Substitution of Eq. 37s
into Eq. 35 then gives an expression for the maximum carry-

ing capacity of the riser

W � 2�s so 2s ® y® ® y® �C . 38Ž . Ž .Ž .g t g t sž /� 2 gLs

In Eq. 38 � was the initial volume fraction in the riser. If itso
ŽŽ 2 . .is of the order of 0.2, then the constant � � r2 is of theso

order of one.
Equation 38 shows that the flux increases as the cube of

the gas velocity at choking, which is qualitatively consistent
with the experimental data.

In the preceding analytical solution, the first term of the
Ergun equation, Eq. 6, was used to relate the differential
change of the pressure drop and bed height. This is valid only
for Reynolds numbers less than 10. For higher Reynolds
numbers, the second part of the Ergun equation should be
used. It is

dP 1.75� �s 2y s U . 39Ž .o3dx � d �Ž .p

Then the relative differential change of pressure drop due to
a change in the volume fraction is estimated as

dP
d ž / d�dx sw xs 3� r�q1 . 40Ž .sdP �s

dx

The same procedure is used to estimate the frequency of os-
cillations when the Reynolds number is higher than 10

1r21r2g 3� r�q1 �Ž .s s

s . 41Ž .ž /x �o so

When the second part of the Ergun equation is used, the
choking velocity, Eq. 35, takes the form

1r21 3� r�q1 �Ž .s s'® s® �C q gL . 42Ž .g t s � �so

Finally using the same approximations, the maximum carry-
ing capacity of the riser is estimated as

W � 2�s so 2s ® y® ® y® �C 43Ž . Ž .Ž .g t g t sž /� gLs

This form of the maximum carrying capacity estimate is used
for the comparisons made to the experimental data when the
Reynolds number is higher than 10.

Granular Temperature of Geldart A, B, and C
Particles

ŽIn a series of articles, George Cody and collaborators Cody
.et al., 1996; Buyevich and Cody, 1998; Cody, 2000 have mea-

sured the granular temperature of A, B, and C particles in
bubbling fluidized beds, using an acoustic shot-noise tech-
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Figure 6. Granular temperature of Geldart type A, B, and
C particles.

nique. They used a pizoelectric acceloerometer like the one
Ž .fully described by Broch 1984 . Granular temperature is es-

sentially the random or turbulent kinetic energy of particles.
They found that Geldart A particles exhibit an order of mag-
nitude higher granular temperature than the neighboring B
glass spheres. Measurements of granular temperature in a
riser using a CCD camera like that described by Gidaspow

Ž .and Huilin 1996, 1998 led to the same conclusions. In the
CCD camera technique, the particle velocity is measured by
means of the length of a streak divided by the elapsed time.
The direction of the velocity is determined by means of a
rotating color-coded transparency placed in front of the cam-
era. The granular temperatures for 75-micron FCC and 530-
micron glass beads in the IIT riser are given in Figure 6. Also
shown are the measurements for 40-micron glass beads done
in a rectangular bed with a central jet. Such an arrangement
permits the determination of granular temperature under di-
lute and dense conditions. Details of the apparatus are de-

Ž .scribed in Gidaspow et al. 2001 . The figure also depicts the
data of other investigators.

The dependence of granular temperature on the particle
diameter can be obtained by equating the rate of energy dis-
sipation due to inelastic collisions to the production due to a

Ž .shear gradient Gidaspow, 1994 . Such an approximation gives

21 � ®s 2Granular temperatures d , 44Ž .pž /15 1y e � rŽ .

where e is the restitution coefficient, ® is the particle veloc-s
ity, and d is the particle diameter. For a constant gradientp
of velocity, the equation shows the quadratic dependence of
the granular temperature on the particle diameter. Figure 7a
shows that this is true for B and C particles in the bubbling
regime. An exact comparison would require knowledge of all
velocity gradients in the fluidized bed. In the riser, the strange
behavior of Geldart A vs. B particles can be explained in
terms of the large slip of the B particles. The solid velocity
gradient can be approximated as

Shear gradient

s Gas velocityyTerminal velocity rPipe radius. 45Ž . Ž .

( )Figure 7. a Dimensionless granular temperature
( )scaled with gas velocity; b turbulent inten-

sity in the riser regime scaled with solids ve-
locity.

Thus

Granular temperaturesConstant�decreasing function of

diameter�Diameter square. 46Ž .

Hence, due to slip, there exists a maximum with respect to
Ž .particle diameter. Buyevich and Cody 1998 give a somewhat

different hydrodynamic explanation for the maximum granu-
lar temperature in a bubbling fluidized bed.

It is possible to obtain a different relationship for the gran-
ular temperature. We follow the theory of Sinclair and Jack-

Ž .son 1989 . In the developed flow in a riser with flow of elas-
Žtic particles, the granular temperature balance Gidaspow,

.1994; Jackson, 2000 involves a balance between conduction
and generation. In the cylindrical coordinates it is as follows
for a constant conductivity, � , and particle viscosity, �s

2� d d� � ®s
r sy� . 47Ž .sž / ž /r dr dr � r
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As a limit we had assumed that all dissipation occurs at the
wall. We prescribe the wall granular temperature at pipe sur-
face; rsR

� R s� . 48Ž . Ž .w

The solids velocity, ® , can be approximated as the differences
between the gas and the terminal velocity, leading to a lower
shear rate for larger particles and a possible explanation for

Ž .the maximum in Cody and Goldfarb’s data 1998 . However,
here we assume homogeneous flow, as is roughly correct for
the flow of FCC particles in the CFB.

ŽWe had estimated the FCC viscosity Miller and Gi-
.daspow, 1992 from the mixture momentum balance

� d d® dPs s
r s y � g , 49Ž .mž /r dr dr dx

and the measurement of the solids radial velocity profile.
Then Eq. 49 can be used to obtain the velocity gradient in
Eq. 47. Unfortunately the mixture density is a function of the
radius r. One can, however, divide the flow into two regions,
the core and the dense annulus. Neglecting the thin annular
downflow region, integration of Eq. 49 then gives the usual
Poiseuille flow. Integration of Eq. 47 then gives a fourth-
power dependence of granular temperature on radius, like

Žthe thermal temperature rise in Poiseuille flow Schlichting,
.1960 . Experimental data obtained in a symmetric IIT riser

for fluidization of 530-micron glass beads shows a parabolic
particle velocity distribution and a fourth power dependence

Žof granular temperature, as predicted from this theory Tartan
.and Gidaspow, 2002 . In terms of the mean velocity, ®, the

relation between the maximum granular temperature, � ,max
and ® is then the same as the relation between the thermals
temperature and the mean velocity

�s 2� y� s ® . 50Ž .max w sž /�

Eq. 50 shows that the granular temperature is of the order of
the solid velocity squared. In the dilute limit the ratio of vis-

Žcosity to conductivity is 4r15 Gidaspow, 1994, table 10.1 and
.Eq. 9.215 . Equation 50 shows the reasonable result that at

low velocities, the granular temperature will be correspond-
ingly low. It provides a first-order estimate of the granular
temperature and the pseudosonic velocity needed in the pre-

Ž .sent analysis. Note that Cody et al. 1996 empirically find
that for the gas superficial velocities greater than twice the
minimum fluidization velocity

2
110

2Granular temperatures U . 51Ž .ož /dp

Cody et al. Eq. 18b

Figure 7a shows a replot of Figure 6, using the gas velocity
as a scale factor. For a small slip, the gas and the particle
velocities are equal. Observe that for A particles, Eq. 50 ap-
proximately predicts the granular temperature. This scale

factor does not hold for B particles due to slip and for C
particles in the dense region due to cohesion. In the jet re-
gion the particle velocity is sufficiently high to overcome co-
hesion forces. Hence the scaled granular temperature or the
turbulence intensity for A and C particles is not sufficiently
different.

We estimate the average solids velocity for the B particles
by using the slip relation, Eq. 45. Figure 7b shows that the
granular temperature scaled with the average solids velocity
for A, B, and C particles fall on the same curve, within the
experimental error, which is on the order of 50% for B parti-
cles. The experimental values are close to the kinetic theory
prediction.

Cody’s data in the bubbling regime can be explained in a
Ž .similar manner, approximately. Van Wachem et al. 2001

have plotted solids viscosities and granular conductivities as a
function of volume fraction for various theories. These ratios
are near one in the bubbling regime. For 110-micron parti-
cles, Cody’s experimental Eq. 51 and the theoretical Eq. 50
become identical, when one realizes that in Eq. 50 the wall
granular temperature is near zero relative to its maximum
value and that the average solids velocity is close to experi-
mental superficial velocity. The lower values for the 500-mi-
cron particles probably can be explained by slip again. Unfor-
tunately we do not know the solids velocity in Cody’s experi-
ments, but know that the slip relation, used in the riser, fails
in the bubbling bed due to complex flow patterns.

Ž .Both the data of Cody et al. 1996 and the data depicted
in Figure 6 have a maximum in granular temperature with
respect to solid volume fraction. The decrease in the granular
temperature with the solids volume fraction can be explained
due to the decrease in the mean free path of the particles.
The increase in the granular temperature with the solids vol-
ume fraction under dilute conditions is analogous to com-
pression of a gas. Upon compression, the gas gets hot. There
exists a sufficient understanding of the granular temperature
behavior for us to proceed to make intelligent guesses for
unknown systems, as is done in the following section.

Figure 8 shows the estimates for the dimensionless granu-
lar temperature for three different sizes. The gas velocity was
chosen as the scaling factor, since the solids velocities for the
experiments were not known. The granular temperatures of
the 75-micron FCC particles were chosen as the basic value,
and the dimensionless granular temperatures of the other two
sizes were estimated by scaling the values for the FCC parti-

Figure 8. Estimated dimensionless granular tempera-
ture from IIT experimental data.
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Figure 9. Estimated solids pseudosonic velocity of FCC
particles used in the prediction of natural fre-
quency and solids choking velocity.

cles by the ratio of the particle sizes. It should be noted that
the values for the FCC particles are assumed to be maximum
based on the values presented in Figure 6. In the next section
the same method was used to predict the granular tempera-
ture and pseudosonic velocities of the particles in different
systems. In the first step, the dimensionless granular temper-
ature of the particles was estimated from the basic graph for
FCC particles in Figure 8 and the particle size at each solids
volume fraction. Then this value was used to calculate the
granular temperature at different superficial gas velocities.
Equation 26 was then used to calculate the pseudosonic ve-
locities.

Comparison to Experimental Data
The estimate of the choking velocity and the maximum flux

requires the knowledge of the pseudosonic velocity of parti-
cles. Based on the equation of state for the FCC particles
Ž .Gidaspow and Huilin, 1998 , we estimated the pseudosonic
velocity shown in Figure 9. The solids volume fraction was
estimated from the relation pressure drop, which was equal
to the weight of the bed. Using this sonic velocity of particles,
Eq. 38 was used to compute the theoretical values of maxi-
mum flux divided by density for several superficial gas veloci-
ties. In the computation, the bed height was 5.5 m, the termi-
nal velocity was 0.16 mrs, and � was guessed to be 0.02.so
The approximate analytical formula, Eq. 38, clearly predicts
the trend. The solids lines in Figure 9 and in the later figures
represents the best fit through the theoretical points shown.

Figure 10. Theoretical prediction of choking velocity for
different solids superficial velocities of FCC

( ) [particles Takeuchi et al., 1986 : � =0.02;so
]L=5.5 m .

Figure 11. Estimated solids pseudosonic velocity for
cork for natural frequency calculations.

Ž .Recently at NETL, Morgantown, WV, Shaddle et al. 2002
have measured the maximum solids flux for 1,280-micron cork
particles in a 15.5-m riser. Again we estimated the solids vol-
ume fractions from the measured pressure drops. We guessed
the sonic velocity, as shown in Figure 11. With such sonic
velocity the agreement between the experiment and theory is

Ž .quite good see Figure 12 . A comparison of FCC and cork
data shows that the flux divided by the density is about a
factor of 5 lower for the transport of cork. The actual fluxes
were about 2 kgrm2� s for cork and about 80 kgrm2� s for
FCC for a velocity of about 2.8 mrs. This difference is due to
the higher terminal velocity and lower sonic velocity for cork.
The low estimated sonic velocity for cork is consistent with
our measurements for 500-micron glass beads, which have an
order of magnitude lower granular temperature than the FCC
particles.

The earliest systematic data for the maximum carrying ca-
pacity of various-size particles was obtained in a 3-m riser by
Lewis et al. in 1949. Based on our analysis in the previous
paragraph of the data in the literature for the granular tem-
perature presented, we estimated the sonic velocity of the

Ž .three sizes of the particles used by Lewis et al. 1949 . The
estimates are shown in Figure 13. In this case, the solids vol-

Ž .ume fractions were given in the article by Lewis et al. 1949 .
Figure 14 shows a comparison of the maximum carrying ca-
pacity divided by the particle density vs. the superficial gas
velocity. Equation 38 was used to compute the theoretical
values in Figure 14. It is clear that Eqs. 38 and 43 are capable
of predicting the choking velocity for short, 3-m, and for tall,

Figure 12. Predictions using present theory vs. experi-
( ) [mental data of Shadle et al. 2002 : � =so

]0.02; L=15.45 m .
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Figure 13. Pseudosonic velocity used for predictions of
choking velocity for data of Lewis et al.
( )1949 .

15-m, risers. Hence the use of the length of the riser rather
than the diameter, sometimes used in literature correlations,
is justified.

We applied the theory to the data of Capes and Nakamura
Ž .1973 for large dense particles, which have a high terminal
velocity. Our estimate of the sonic velocity is shown in Figure
15. At the high superficial gas velocities of Capes and Naka-
mura, the solids volume fractions are very low. They are at
the border of applicability of kinetic theory of granular flow,
since at such low concentrations collisions with the wall be-
come important. Figure 16 shows that Eq. 43 can describe
the data. Table 4 summarizes all the experimental data used
for the comparison to this analytical solution.

Discussion
The approximate theoretical equation for the maximum

carrying capacity, Eq. 38, can be used to predict the behavior
for Geldart A, B, and C particles. It suggests that for a given
gas velocity, the transport will be highest for A particles, since
for such particles the sonic velocity is the highest and the
terminal velocity is small. For C particles, neglecting the for-
mation of agglomerates due to cohesion, the equation re-
duces itself to

W � 2�s so 3s ® , 52Ž .gž /� 2 gLs

( )Figure 14. Experimentally measured open symbols vs.
( )theory predictions closed symbols maxi-

mum carrying capacity for the data of Lewis
( ) [et al. 1949 : � =0.02 for different sizes;so

]L=3.05 m .

Figure 15. Pseudosonic velocity used for predictions of
choking velocity for data of Capes and Naka-

( )mura 1973 .

since the terminal velocity and the sonic velocity are small for
the C particles. Then Eq. 37 shows that

� 2�so 2� s ® . 53Ž .s gž /2 gL

Equations 52 and 53 suggest that C particles can be trans-
ported at high velocities in a riser. At sufficiently high veloci-
ties, the granular temperature may be high enough to over-
come cohesive forces that tend to form agglomerates. In
practice, C particles are transported at high velocities.

Conclusions
1. It was shown that a multiphase computational fluid-

dynamic model is capable of predicting the cyclic operation
of a riser near choking conditions consistent with qualitative
experimental observations. Previously this model with experi-
mental particulate viscosity as an input had predicted the
core
annular structure of flow in agreement with experimen-
tal data. The model also predicted the two types of flow
regimes in the riser, one having a parabolic flux profile, and
the second with an inverted parabola and maximum flux near

Ž .the wall Sun and Gidaspow, 1999 . The latter flow regime

( )Figure 16. Experimentally measured open symbols vs.
( )theory predictions closed symbols maxi-

mum carrying capacity for the data of Capes
( ) [and Nakamura 1973 : � =0.001, 0.002 forso

]different sizes; L=5.5 m .
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Table 4. Summary of the Maximum Carrying-Capacity Data

Figure No. 9 11 13 15

Takeuchi Shadle Lewis Capes and
et al. et al. et al. Nakamura
Ž . Ž . Ž . Ž .Reference 1986 2002 1949 1973

Ž .Bed height m 5.5 15.45 3.05 5.5
Ž .Particle size �m 57 1,280 41 102 284 256 535

3Ž .Particle density kgrm 1,188 189 155 155 152 7,510 7,850
Terminal velocity 0.16 0.86 0.16 0.77 1.4 4.0 8.3
Ž .mrs

Average Bed 0.02 0.02 0.02 0.02 0.02 0.001 0.002
Ž .Inventory, � �so

Reynolds no. 1 163 1 12 60 152 656

occurs at high gas velocities and high solid fluxes, typical of
the operation of commercial risers.

2. An approximate analytical equation for the maximum
carrying capacity of Geldart A, B, and C particles was devel-
oped and compared to data in the literature for short and
long risers. The physical basis of this derivation is the con-
cept of resonance. It is based on the observation that near
choking the pressure oscillations become unbounded.

3. To estimate the pseudosonic velocity in the equation for
the maximum carrying capacity, we present newly measured
granular temperatures for Geldart A, B, and C particles and
various studies in the literature. These temperatures are in-
terpreted in terms of the approximate expressions derived
based on kinetic theory of granular flow. In the riser we find
that Geldart A particles have the highest granular tempera-
ture. This is consistent with the earlier observation of George
Cody in bubbling beds.

4. In the riser flow regime, the measured values of the
granular temperature for Geldart A, B, and C particles agree
with an approximate theoretical equation derived based on

Ž .the granular flow theory of Sinclair and Jackson 1989 .
Ž5. The turbulent intensity in the riser flow regime 2% to

.20% solid volume fraction is roughly 50%, or more than five
times higher than for single phase flow in a pipe. This en-
hanced turbulence explains the desirable mixing characteris-
tics of circulating fluidized beds.
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Notation
C spseudosonic velocity of particless
Dspipe diameter
d sparticle diameterp

esrestitution coefficient
fs frequency of oscillation

Fs flux
gsgravitational acceleration
Lsbed diameter
Pspressure
Rspipe diameter
rsradial coordinate

ResReynolds number, d ®r�p t g
ts time

U s inlet superficial gas velocityo
®s velocity

W ssolids mass flow per unit areas
xsdirection of flow
ysperpendicular direction to flow
zsaxial coordinate

Greek letters
�sdrag coefficient
�s volume fraction
�sgranular temperature
�sgranular temperature conductivity
�s viscosity
�skinematic viscosity
�sdensity

Subscripts
gsgas

msmixture
osaverage inventory or initial value
psparticle
sssolid
ts terminal velocity

wswall property
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